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Abstract

We report the emergence of genomic self-similarity with re-
spect to fitness in a Genetic Algorithm representation with no
selective pressure for any particular genomic ordering.

Introduction
The idea of representations that self-organize for evolution-
ary algorithms (Garibay and Wu, 2004b) bring together a
collection of issues such as simple genomes that represent
complex solutions, complexity building by means of evolved
self-organizable building blocks, innovativeness, scalability,
evolvability, and development as a source of complexity. All
this ideas deal with the complexity problem: scaling evolu-
tionary algorithms to high complexities. While evolution-
ary algorithms constantly struggle with complexity, natu-
ral evolution deals with extremely complex organisms with
ease. The quest, therefore, is to localize and extract the
principles that nature uses to deal with complexity and ap-
ply them to build better algorithms. Recently, various ap-
proaches to self-organizable representations have been pro-
posed including methods based on developmental biology
and morphogenesis (Bentley, 2004; Kumar, 2004; Koza
et al., 1999), and cellular automata variations (Miller and
Thomson, 2004; Rocha, 2004) among others. We propose a
proteome analogy approach (Garibay and Wu, 2003) where
functional structures analogous to proteins act as complex-
ity builders for a genome. In this paper, we use a simple ab-
straction that focuses only on the string to multiset nature of
the genome to proteome mapping: The Proportional Genetic
Algorithm (PGA) (Wu and Garibay, 2002). We use this al-
gorithm to study the emergent ordering of genomic symbols
in the complete absence of selective pressure for a particu-
lar order. The PGA is a Genetic Algorithm (GA) (Holland,
1975; Goldberg, 1989) with a representation based on pro-
tein concentrations rather than on the usual gene ordering.
A PGA translates strings of genes into multisets of proteins
prior to fitness evaluation. As a result, there is no fitness
pressure for any particular gene ordering and the order of
the genes is free to evolve along with the candidate solutions

they encode. Previous studies show that genomic symbols
under these circumstances are evenly distributed throughout
the genome (Wu and Garibay, 2002) and that their equal-
symbol correlation resembles white noise behavior (Garibay
and Wu, 2004a). In this paper, we provide experimental ev-
idence of the emergence of genomic self-similarity in the
PGA proteome-based representation.

Proportional Genetic Algorithm
The Proportional Genetic Algorithm is a GA with a repre-
sentation inspired by the genome to proteome mapping. In a
GA an individual is represented typically as a binary string.
A population of these strings undergoes continuous genetic
variation and fitness-based selection to produce more fit in-
dividuals. In the PGA, individuals are strings over a multi-
character alphabet and they undergo the same genetic varia-
tion. The difference is that fitness is not evaluated on these
strings but on their associated multisets. The multiset asso-
ciated to a string of symbols is simply the multiset contain-
ing all and only the elements in the corresponding string.
For instance, the associated multiset of the string “aab” is
��a�a�b��. Note that the strings “aab”, “aba”, and “baa” all
have the same associated multiset and are indistinguishable
with respect to fitness. Consequently, there is no pressure to
select any particular ordering of two “a”s and one “b” in a
genome. For a full description of the PGA and its applica-
tions, we refer the reader to (Wu and Garibay, 2002; Wu and
Garibay, 2004).

Self-Similarity Metric for Genomes
We use fitness as the metric for genomic self-similarity. A
genome is self-similar if its fitness is approximately equal
to the average fitness obtained by evaluating all of its ge-
nomic segments of a given segment length. More for-
mally, let us introduce the following notation. A genome
g�1�L�� g1g2g3���gL, or simply g, is a string of length L over
the genome alphabet Σ. A segment s�i� j� � sisi�1si�2���s j

of g�1�L� is defined as the substring gigi�1gi�2���g j, where
1 � i � j � L. A fitness function F �g�1�L�� maps strings
into real numbers and is defined for any genome or segment.



Using the notation above, we define the average fitness of all
segments of size r over genome g�1�L� as follows:

f̂r�g�1�L�� �

L�r�1�
i�1

F �s�i�i�r�1��

�L� r�1�
(1)

Note that for a segment equal to the whole genome (r � L),
the expression above reduces simply to a fitness evaluation:

f̂r�g�1�L�� � F �s�1�L�� � F �g�1�L��

Finally, we say that a genome is self-similar if the following
expression is true:

�r
�

f̂r�g�1�L��� F �g�1�L��
�

(2)

where r is the size of the genome segments used to analyze
self-similarity.

The above equation implies the following. For an ideal
case of genomic self-similarity, Equation 2 will hold indef-
initely for any segment size r. In this case, genomic seg-
ments of any size will have the same fitness as the whole
genome, as shown in Figure 1(A). This case is analogous
to perfect fractal behavior. On the other hand, if there is
no self-similarity, Equation 2 will not hold even for large
segments. In this case, the fitness of the segments will not
resemble the fitness of the whole genome. We thus expect
random segments with average fitness equal to the median
fitness of the problem as demonstrated in Figure 1(B).

Experimental Analysis
Objectives
The objective of this empirical study is to determine whether
or not self-similarity with respect to fitness emerges in the
PGA proteomic-based representation. We use a GA as a
baseline case where the genomic order is dictated by the se-
lection pressure. Based on previous PGA studies that sug-
gest that PGA genome segments are coarse grained versions
of the whole PGA genome, we expect the following behav-
ior. Large genome segments will approximate the fitness
of the whole genome very closely. The smaller the genome
segments, the less they will resemble the fitness of the whole
genome. There will be a cut-off point where the segment
is too small to represent the required information and self-
similarity is lost. As a result, we expect a gradual decrease
in fitness as the segments get smaller until a cut-off point is
reached at which point fitness will show a significant drop,
as shown in Figure 1(C). Exceeding our expectations, and as
we will see shortly in the results section, PGA genomes re-
semble ideal self-similarity until the cut off point is reached.

Fitness evaluation
For all experiments, we set the algorithms to solve a very
simple problem: number matching. Number matching is a
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Figure 1: Predicted genomic self-similarity in populations
that have converged to the optimal fitness of 1. (A) Ideal
self-similar case, all genomic segments have also fitness of
1 regardless of their size. (B) No self-similarity case, seg-
ments have random fitness with average equal to the fitness
median. (C) PGA expected self-similarity, segments gradu-
ally reduce in fitness as they get smaller. Experimental re-
sults resemble the ideal case (see Figure 2).

simple hamming distance type of problem but for real num-
bers. The goal is to match, as closely as possible, a vector of
target numbers. We use vectors of size two. For convenience
of exposition, let us define the following function:

δ�x�y� �
�

x�y if x � y
y�x otherwise

�x�y � ℜ ��

Fitness is determined by the average difference, as measured
by δ, between the values encoded in the individual’s genome
(or segment) and the target values:

F �g�1�L�� �
δ�v1

target �v
1
encoded��δ�v2

target �v
2
encoded�

2

Where, Vtarget � �v1
target �v

2
target� is the vector of target val-

ues, and Vencoded � �v1
encoded�v

2
encoded� is the vector of values

encoded in g. For the PGA, the encoded values are given by:

Vencoded�g� �

�
�g�a

�g�a� �g�b
�

�g�c
�g�c� �g�d

�

where the genomic alphabet is ΣPGA � �a�b�c�d�, and �X �y
returns the number of times symbol y appears in the multi-
set associated with string X . Note that this definition is also
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Figure 2: PGA best, PGA average, and GA baseline comparison of average fitness of genome segments( f̂r�g�1�L��) of sizes(r)
L(whole genome), L/2(half genome), L/4, ... , and L/512 on a simple number matching problem averaged over 20 runs with
95% confidence intervals. (Top: self-similarity) PGA segment fitness remains approximately equal to the whole genome fitness
for segment sizes of L/2, L/4, ... until L/128. (Middle: no self-similarity) No GA segment has average fitness close to the whole
genome fitness for any segment size. Baseline note: for clarity, GA average is shown but GA best is not since it has similar
behavior.

valid for genomic segments. Note also that only the associ-
ated multisets are used to calculate the values. The first value
is encoded simply as a proportion of the concentrations be-
tween symbols a and b, and the second value, between sym-
bols c and d. The proportions are numbers between zero and
one, but they can be easily scaled to represent any parameter
range of values.

For the GA, the values encoded in the genome are inter-
preted in the usual way. The genomic alphabet is binary:
ΣGA � �0�1�. The first half of the genome represents our
first encoded value and the second half, our second encoded
value. Note that this definition is also valid for genome seg-
ments.

Settings

For our experiments, we use a GA with proportional repre-
sentation (PGA) and a standard GA with binary represen-
tation as a baseline. The GA uses a binary alphabet; the
PGA uses a multicharacter alphabet. Mutation, in the GA,
is bit-flip mutation, while in the PGA, randomly change one
alphabet symbol for another. The following parameter set-
tings are common for all experiments: the genome length
is L=1000 and segment sizes are L/2, L/4, L/8, L/16, L/32,
L/64, L/128, L/256, and L/512, the crossover type is two-
point, the crossover rate is 0.8, the mutation rate is 0.005,
selection type is tournament of size 4, population size of

250, and the number of generations is 500. We perform 20
trials for all experiments using new randomly generated tar-
gets for each run, and report average values with their 95%
confidence intervals.

Results
Figure 2 shows plots of the average measured fitness for
decreasing segment length. These results reveal genomic
self-similarity with respect to fitness for the PGA and no
self-similarity for the baseline case. The self-similarity is
almost ideal (see Figure 1 (A)) for segments as small as
L�128� 1000�128� 7�81 symbols. After this critical point,
self-similarity is lost and fitness of the segments decreases
significantly. Figure 3 shows the raw fitness of segments
of size L/2 for the two encoded values over the 500 gen-
erations. (A) The variance for the self-similar case is very
small. This result indicates that all segments, not just their
averages, must have fitness similar to the whole genome. (B)
The variance for the non-self-similar case is very high, indi-
cating that the segments have a wide range of fitness values
and are not similar to the whole genome.

Conclusions
In this paper, we offer experimental evidence of the emer-
gence of genomic self-similarity with respect to fitness in
genomes that are free to self-organize. We use a GA that
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Figure 3: Average raw fitness of genomic segments of size L/2 (half-genome) for encoded values 1 and 2 over 500 generations.
The plots show averages and standard deviations over 20 runs. (A) PGA encoded values 1 and 2 tight standard deviations
indicate that the fitness of PGA genomic segments of size L/2 converge. From Figure 2 we observe that their fitness converge to
a near optimal solution, similar to the fitness of the whole genome L. (B) GA encoded values 1 and 2 wide standard deviations
indicate that GA genomic segments of size L/2 do not converge. Furthermore, the fitness of these segments appear to be
randomly distributed. From Figure 2 we observe that their average normalized fitness is not similar to the whole genome, but
near to the median 0.5 instead. We observe similar behavior for segments of sizes L/4 to L/128.

allows this genomic self-organization: the PGA. The key
property of the PGA is that it encodes information not in the
genomic order, as is typical in evolutionary computation, but
in the protein concentrations. The PGA representation is im-
plemented as a simple mapping from an individual’s string
of genomic symbols to a multiset of protein symbols. Our
experiments show that when the genome is free to evolve ge-
nomic ordering, it self-organizes into a fractal-like structure
in which genomic segments have approximately the same
fitness as the whole genome. We also offer baseline experi-
ments that show that no such self-similarity occurs in typical
GAs.
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