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Abstract

We introduce a genetic algorithm (GA) with
a new representation method which we call
the proportional GA (PGA). The PGA is a
multi-character GA that relies on the exis-
tence or non-existence of genes to determine
the information that is expressed. The in-
formation represented by a PGA individual
depends only on what is present on the in-
dividual and not on the order in which it is
present. As a result, the order of the encoded
information is free to evolve in response fac-
tors other than the value of the solution, for
example, in response to the identification and
formation of building blocks. The PGA is
also able to dynamically evolve the resolution
of encoded information.

1 Introduction

This paper summarizes the initial studies of a new ge-
netic algorithm (GA) representation method which we
call the proportional genetic algorithm (PGA). Addi-
tional details of this work may be found in [23].

A genetic algorithm (GA) works with a population of
individuals each of which represents a potential solu-
tion to the problem to be solved. A typical individual
is a binary string on which the problem solution is
encoded. Problem representation is one of the key de-
cisions to be made when applying a GA to a problem.
How a problem is represented in a GA individual deter-
mines the shape of the solution space that a GA must
search. As a result, different encodings of the same
problem are essentially different problems for a GA
[18]. Selecting a representation that correlates with
a problem’s fitness function can make that problem
much easier for a GA to solve [13, 4]. In the canonical
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GA (CGA) representation, most decisions regarding a
problem’s representation are decided and fixed prior to
execution. Unfortunately, there is often not enough in-
formation about a problem to make effective decisions
on arrangement of information.

We introduce a GA with a new representation for-
mat which we call the proportional GA (PGA). Like
a CGA, a PGA encodes solutions as linear strings. A
PGA, however, is a multi-character GA that relies on
the existence or non-existence of genes to determine
the information represented. The information repre-
sented by a PGA individual depends only on what is
present on the individual and not on the order in which
it is present. As a result, the order of the encoded
information can evolve in response factors other than
the value(s) of the solution, for example, in response to
the search for tightly linked building blocks. The PGA
representation achieves location independence without
the additional overhead of “tags” or “location mark-
ers” that many existing location independent encod-
ings must use. In addition, a PGA is able to dynami-
cally adapt the resolution of encoded information.

2 Motivation

The typical CGA uses an order-based encoding. Infor-
mation is encoded on an individual in a location depen-
dent manner, e.g. bits 0 to 3 always represent parame-
ter 1; bits 4 to 7, parameter 2; and so on. The ordering
of the information on an individual is typically an arbi-
trary programmer decision. A difficulty with this type
of representation arises due to crossover’s positional
bias [5]. Positional bias refers to the fact that bits
that are relatively far apart on an individual will be
more likely to be disrupted (separated) by crossover
than bits that are close together. Conversely, bits
that are close together are more likely to be treated
as atomic units (not separated) by crossover than bits
that are far apart. If there is epistasis between vari-



ous components of a problem solution, encoding those
components close together will reduce the chance that
crossover will disrupt those components. The problem
is that we do not always know which components are
epistatic, and an arbitrary arrangement of the compo-
nents of a solution on an individual may or may not
elicit good performance from a CGA.

A number of options have been investigated to deal
with this problem, including alternative operators
[12, 7, 22] which have little or no positional bias, geno-
type to phenotype mappings [2, 15, 16, 17, 19, 20]
which alter the search landscape, and dynamic prob-
lem representations [1, 3, 6, 9, 8, 10, 11, 14, 21, 24, 25]
which allow a GA to search for linkages among the
encoded components of the solution.

3 The proportional GA representation

The PGA representation focuses on the idea that it
is the content rather than the order of the encoded
information that matters. As a result, the PGA repre-
sentation is based on multisets rather than permuta-
tions. We extend the idea of location independence to
a more generally usable encoding for integer and float-
ing point numbers. Specifically, the PGA assigns one
or more unique characters to each parameter or com-
ponent of a solution. The value of a parameter is deter-
mined from the proportion of the characters assigned
to that parameter as compared with the total number
of characters in the individual, or from the relative
proportions of the assigned characters of that param-
eter. Thus, characters that exist are “expressed” and,
consequently, interact with other expressed characters.
Characters that do not exist are “not expressed” and
simply do not participate in the interactions of the
expressed characters. This representation may be fur-
ther extended with the addition of mon-coding char-
acters that are not associated with any parameters.
These non-coding regions are beneficial for fine tuning
purposes.

We will describe two variations of the PGA here.

3.1 PGA1l

Initial examination of this representation suggests that
it is a perfect fit for resource allocation problems. Sup-
pose we have a common pool of resources that must be
divided among n users. With a PGA, we would use an
n-character alphabet with one character assigned to
each user. Each individual, regardless of length rep-
resents the total available resources. The proportion
of each user’s character on an individual gives the per-
centage of resource allocated to each user. We will call

User U Character assignment, char(U)

U1 a
Us b
U3 C
Ua d
U5 e

Table 1: PGA1 character assignment in a five user
resource allocation problem.

User U Number of char(U) Allocation
U 9 a’s 0.18
Us 15 b’s 0.3
U3 5¢’s 0.1
U,y 11 d’s 0.22
Us 10 e’s 0.2

Table 2: Allocation of resources specified by example
individual of length 50.

this representation strategy PGA1.

For example, given a five user resource allocation prob-
lem, a PGA would require a minimum alphabet size
of alpha = 5. We can assign characters as shown in
table 1. The percentage of total resource allocated to
each user, U;,i = 0, ...,alpha — 1 is calculated by the
equation

number of char(U;) on individual

P, i) = indivi
paaL(Ui) length of individual

As a result, the sum of all of the allocated resources
must equal 1.0 (100% of the resources). A typical in-
dividual such as

accaebbdbeeddbabbddebaabbdddebebadbecabebbedaacced

would generate the allocations shown in table 2. This
individual is 50 characters long. Note that the location
of the characters play absolutely no role in the evalua-
tion of the individual. Thus, multiple individuals may
generate the same solution and the individual

aaaaaaaaabbbbbbbbbbbbbbbcccccdddddddddddeeeceeeeeee

encodes the exact same solution as the first individual
above.

3.2 PGA2

Many problems cannot be represented as pure resource
allocation problems where the sum of the components
is constrained to a fixed value. As a result, additional
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Vs B b 0 10
V3 C ¢ 0 10
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Vs E e 0 10

Table 3: PGA2 character assignment in a five value
problem.

modifications must be made to the PGA representa-
tion to encode solutions for other types of problems.

We focus on the common problem format involving a
search for a vector of values (either integer or floating
point). Given a problem in which we are searching for
alpha = 5 parameter values, V;,i2 = 0, ..., alpha —1 and
the range of each value is given by Vi min and Vi mae-
We define a second PGA strategy called PGA2 in ta-
ble 3. The number “positive” and “negative” charac-
ters on an individual are used to calculate

_ positive_char(V;)
- positive_char(V;) + negative_char(V;)

pet(Vi)

where i =0, ..., alpha—1 and 0.0 < pct(V;) < 1.0. The
value of each parameter is calculated by the equation

PPGAZ(‘/i) = ‘/i7min +pCt(‘/;) X (‘/i7maa: - ‘/;7mzn)
A typical individual of length 50 such as

AccBdDeeEbAbBDEccaAAAEebbEEECCDbbbABCDEedcbaAAddbA

would generate the parameter values shown in table 4.
As with PGA1, the evaluation of a PGA2 individual
is completely independent of the arrangement of char-
acters. Thus, the individual

AAAAAAAAAaaBBBbbbbbbbbbCCCcccccDDDDddddEEEEEEEeeee

also evaluates to the values shown in table 4.

4 The issue of resolution

Typically, CGA individuals are strings over a binary
alphabet while PGA individuals are strings over a
higher-arity alphabet. In order to perform a fair com-
parison between CGA and PGA, we need to find a rela-
tionship among their individuals lengths and alphabet

Y~ S
58 33 . 7
=% ¥ % &
Value V. 7z & =z = g, &
i 9As 2as 9/(9+2) 8.18
Vo 3Bs 9bs 3/3+9) 25
Vs 3Cs 5¢s 3/(3+5) 3.75
Vi 4Ds 4ds 4/(4+4) 5.0
Vs TEs 4es T7/(T+4) 6.36

Table 4: Allocation of resources specified by example
individual of length 50.

sizes to ensure that both algorithms are targeting so-
lution spaces of comparable complexity. We call this
the issue of resolution. Let us introduce the following
notation: the search space, G, v, = {gi}, is the set of
all genotypes, g;, of length [ over alphabet X; and the
solution space, P = {p;}, is the set of phenotypes, p;,
which are strings of length [ for a CGA and multisets'
of length [ for a PGA. The mapping between spaces
is M : G, — P, hence p; = M(g;). Let A be a
CGA with individuals of length [4 over an alphabet
¥ 4 with cardinality |X 4| = n4. Let A’s search space,
solution space, and mapping be denoted by G, ),
P4, and M 4, respectively. Similarly, let 5 be a PGA
with length [z and alphabet ¥z with cardinality of
|¥5| = ng. Let B’s search space, solution space and
mapping be denoted accordingly by G, s, Ps, and
Mp. For the CGA, A, the search space and the solu-
tion space are the same size, (n A)l*‘, and the genotype-
phenotype mapping, M 4, is trivial—one-to-one and
onto from strings to strings—in fact, the identity map-
ping. For the PGA, B, the size of the search space
is similarly (nB)lB , but the genotype-phenotype map-
ping, Mp, will map strings onto multisets instead of
strings to strings. This mapping is, in general, many-
to-one and onto, leading to a solution space of smaller
size than its corresponding search space. The number
of elements on each of these multisets is the same as
the genotype length. The mapping, Mp, represents
the essence of the PGA idea: every string is mapped
according to the multiplicity of its elements regardless
of the arrangement of the elements. We can use basic
combinatorics to show that the total number of mul-
tisets produced by the mapping, Mg : G, sz + Ps,
is (”5%‘3_1), which is the size of the solution space.

! Multisets are analogous to sets, except that they may
contain multiple copies of identical elements.



To fairly compare the CGA and PGA, both should
search the same sized solution space. Therefore,

o= (" M)

s

Equation (1) describes the relationship between the
lengths and alphabet sizes of an arbitrary CGA and
PGA that would ensure resulting solution spaces of
equal size. A complete discussion regarding the issue
of resolution can be found in [23].

5 Test problems

Preliminary studies on the PGA were performed on
three types of test problems: resource allocation, num-
ber matching, and symbolic regression. All three prob-
lems involve a search for five numeric values. A CGA
individual encodes a solution in 40 bits. Those 40 bits
are divided into five eight-bit fields, each encoding one
value in binary format at a resolution of 256. For
the resource allocation problem, the PGA1 encoding
is described in section 3.1. For the number match and
symbolic regression problems, the PGA2 encoding is
described in section 3.2.

The fitness of the evolved solutions are evaluated as
follows.

5.1 Resource allocation

The resource allocation problem involves the alloca-
tion of a fixed pool of resources among alpha = 5
users. Thus, a GA’s goal is to find a set of values that
sum to a predefined constant. The target allocation is
randomly generated at the start of each GA run.

In the CGA encoding, each encoded value is divided
by the sum of all of the values to produce a proportion
between 0.0 and 1.0.

Given alpha = 5 target values or proportions, 13,7 =
0,...,alpha — 1 where Y T; = 1.0, and alpha values
E;,i =0,...,alpha — 1, encoded by either the CGA or
PGA1, we first calculate the ratio of each correspond-
ing pair:

Ly T, < E;
ratio(i) =
% otherwise

This value gives an indication of how close each en-
coded value is to the corresponding target value. The
fitness of an individual is the average of all ratios:

i ratio(i)

alpha

fitness =

A perfect match gives the maximum score of 1.0.

5.2 Number match

The number match problem is a search for alpha =
5 independent values. The alpha independent target
values are randomly generated at the beginning of each
run so that each run searches for a different set of
values.

The fitness function for this problem is the same as the
fitness function for the resource allocation problem.
Given alpha target values, T;, and alpha encoded val-
ues, F;,i =0,...,alpha — 1, we first calculate the ratio
of the smaller value divided by the larger value.

# if Ti<E;
ratio(i) =

% otherwise

The fitness of an individual is the average of all ratios:

ity ratio(i)

alpha

fitness =

Again, a perfect match gives the maximum score of
1.0.

5.3 Symbolic Regression

Given a set of p data points, d;,i = 0,...,p — 1, the
symbolic regression problem is a search for alpha =5
coefficients that, when plugged into the equation

f(z) = az® + bz + ¢ + d cos(z) + esin(z),

most closely approximate the target equation. Instead
of trying to match the encoded coefficient values to
target values, the fitness function is calculated from
the difference between the target data points and the
function values generated using the encoded coefficient
values. The ratio(i) at each data point is

|

ratio(i) =
fz
d;

N

otherwise

The fitness is the average of all ratios:

S ratio(i)
” .

fitness =

A perfect match gives a maximum score of 1.0. This
problem differs from the number match problem in
that the alpha values are interdependent. Changes in
a single value can affect the impact of other values.



Population size : 200
Maximum number
of generations : 500
Selection method tournament
Crossover type two-point (fixed len),
homologous (variable len)
Crossover rate 1.0
Mutation rate 0.01, 0.005

Table 5: GA parameter settings.

6 Experimental details

Table 5 gives the parameter setting used in these ex-
periments. Mutation rate indicates the probability
that a single character will be mutated. with equal
probability to any other character in the alphabet. Ho-
mologous crossover is implemented as described in [3].
Each experiment was run 100 times and the results
averaged over all runs.

In addition to comparing a PGA and a CGA, We test
a total of six variations of each PGA:

PGA-40: Simple PGA with fixed length individuals.
The length of the individuals is the same as the
length of the individuals in the CGA (40 bits).

PGA-255: Simple PGA with fixed length of 255
bits. As the full resolution of the PGA requires
a genome length of 1275, PGA-255 is still some-
what penalized with respect to resolution; how-
ever, this PGA at least has the resolution of a
single CGA field. The location independence of
the PGA allow us to overlap all five values on the
same genome.

PGA-40-nc: PGA with fixed length individuals and
non-coding regions. Length is same as in PGA-
40. One or more non-coding characters are added
to the PGA alphabet.

PGA-255-nc:
255.

PGA-var: PGA with variable lengthed individuals.
The maximum allowed length is set at 2048 to en-
sure that the PGA would have as much resolution
as it would need. Note that this value is bigger
than the required length of 1275. No parsimony
pressure is applied unless otherwise specified.

PGA-var-nc: PGA with variable lengthed individ-
uals and non-coding regions.

Same as PGA-40-nc with length of

Figures 1 to 3 show comparisons of a CGA with the
PGA variations described above.
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Figure 1: CGA -vs- PGAL1 on resource allocation: Fit-
ness of best solution found averaged over 100 run and
95% confidence intervals.

CGA vs PGA2: Number match
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Figure 2: CGA -vs- PGA2 on number match: Fitness
of best solution found averaged over 100 runs and 95%
confidence intervals.
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Figure 3: CGA -vs- PGA2 on symbolic regression: Fit-
ness of best solution found averaged over 100 runs and
95% confidence intervals.



Results indicate that the PGA can perform as well or
better than a CGA. The determining factor for PGA
performance appears to be its resolution. PGA perfor-
mance is comparable or better than the CGA, despite
lowered resolution; however, extremely low resolution
does appear to limit PGA performance. A measure of
this limit is under investigation. Given the opportu-
nity, a PGA will attempt to evolve the length of its
individuals to accommodate the required resolutions.

Despite the lowered resolution of the PGA represen-
tation, PGA performance appears to be competitive
with CGA performance and PGA runs appear to take
advantage of the flexibility provided by variable length
individuals. We have tested the PGA representation
successfully on a number of types of problems involv-
ing the search for sets of both independent and inter-
dependent values.
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